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SCOPE 
Process simulation is a valuable and widely used tech- 

nique in process development, design, and optimization. 
Simulations are computer implemented mathematical 
models for process plants operating at the steady state; 
they are composed of phenomenological or empirical 
models for the process units interlinked by flows of mate- 
rial and energy between units. The connections between 
units are the process streams and are described by stream 
variables (for example, component flows, enthalpies). 

Since most chemical processes involve many recycle 
streams, that is, connections in the form of loops, the 
direct sequential solution of the mathematical models for 
the units in the process is not possible. In any attempt, 
unknown unit feed streams are encountered. The units 
must all be solved simultaneously, but this is not feasible 
for real nonlinear units. Thus an iterative solution pro- 
cedure must be used. The most often used approach to 
simulation of recycle systems is that of decomposition. 
Values are estimated for the variables associated with a 
sufficient number of streams to allow calculation of all 
units to be made in some sequence; these streams are 
said to be torn. After calculation of all units the values 
calculated for these streams are compared with the esti- 
mates, and the process is repeated-that is, iterated-with 
corrected estimates until adequate agreement indicates 
convergence . 

There are two important questions associated with this 
procedure: how should estimates be corrected, and which 
streams should be selected for tearing? There are a num- 
ber of methods that can be used for correction, that is, 
convergence procedures. The most commonly used method 
is direct substitution-the use of values obtained for torn 
variables in one iteration as estimates of these variables 

for the next iteration. Direct substitution is used because 
of its simplicity and natural stability. More sophisticated 
methods, mainly independent acceleration of variables 
toward convergence or simultaneous Newton-Raphson 
iterations, are also used, but are often quite complicated 
and costly to apply. 

The other question, that of selection of the decomposi- 
tion, is what we are concerned with here. For a given 
convergence procedure, here that of direct substitution, 
some possible choices of torn streams will give simulations 
that converge much more rapidly than others. Means for 
finding these efficient decompositions are required. Meth- 
ods that have been available for selection of decomposi- 
tions usually have been based on tearing minimum streams 
or minimum variables (Sargent and Westerberg, 1964; 
Lee and Rudd, 1966; Christensen and Rudd, 1969). Un- 
fortunately, these objectives are not consistent with a goal 
of minimum computational effort, at least for direct sub- 
stitution iterations. 

To minimize the computational cost of a process simula- 
tion using direct substitution, one must find the decom- 
position that converges, from a given starting estimate 
and to the desired precision, in the minimum number of 
iterations. Because of the very large number of decomposi- 
tiom possible for real processes an exhaustive examination 
of these possibilities is not practicable. Thus we have 
sought to avoid such a search by identification of classes 
of decompositions that can be eliminated, a priori, from 
coniideration and by grouping decompositions with 
similar convergence properties. This work has been baTed 
on a fundamental examination of the properties of the 
directed graphs constituting the flow diagrams for the 
processes in question. 

CONCLUSIONS AND SIGNIFICANCE 
We have found that decompositions for direct substitu- 

tion simulation can be grouped into families, the mem- 
bers of each family having identical convergence be- 
havior. These decomposition families can be considered as 
a generalization and extension of the concept of unit 
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ordering. The order of unit calculations (cyclicly permut- 
able) characterizes some families, but no such ordering 
can represent the majority of families, and the restricted 
concept of ordering provides no basis for selection of the 
decomposition (or ordering) to be used. 

The number of decomposition families is smaller than 
the number of decompositions by a factor of the number 
of process units. There are three types of families: those town, Pennsylvania 18105. 
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containing only nonredundant compositions, those con- 
taining only redundant decompositions, and those con- 
taining both. On the basis of a number of arguments we 
conclude that the convergence behavior of families with 
only nonredundant members should be superior to that 
of other types of families. Further, from extensive exam- 
ination of real chemical processes we find that, for theje 
processes, only one nonredundant decomposition family 
exists. From these results we have outlined a simple pro- 
cedure to locate a decomposition in the nonredundant 

family, and, in turn, all decompositions in that family. 
Any of these will have optimum convergence properties 
in direct substitution simulation. These conclusions have 
been verified for several process examples, some taken 
from the literature. The procedure developed here thus 
allows selection of a decomposition on the rational basis 
of most rapid convergence and can lead to simulations 
with considerably better efficiency than those with decom- 
positions selected arbitrarily or to minimize torn variables 
or streams. 

REPRESENTATION OF RECYCLE PROCESSES 

A recycle process can be conveniently represented by a 
directed graph containing cycles or circuitous paths. The 
nodes (or vertices) of the graph represent process units, 
and the edges represent the process streams. Many meth- 
ods exist to locate the cycles in such a directed graph 
(Norman, 1965; Tiernan, 1971). A simple cycle includes 
two or more streams and crosses no mode (unit) more than 
once. A stream may be included in more than one cycle; 
tearing a stream opens all cycles in which it is included. 
A valid decomposition is a set of torn streams that opens 
all cycles at least once. A redundant decomposition is a 
valid decomposition from which at least one stream can be 
removed without rendering the resulting decomposition 
invalid; a nonredundant decomposition has no such stream. 

A simple process example is shown in Figure 1. The 
nature of the connections between the units of this process 
can be represented by the cycle/stream matrix shown in 
Table 1. Here the rows represent the cycles and the col- 
umns represent the streams. An entry in this matrix is 
unity if the corresponding stream is included in the cycle 
concerned and is otherwise blank. The last row in the 
matrix shows the number of variables in the respective 
streams. 

In the simulation of a recycle process a decomposition 
is first selected, and initial values of the variables in the 
torn streams are estimated. ( I t  will be assumed here that 
all variables in any stream are torn together.) Then the 
units in the process are calculated in turn, with their input 
variables having either the torn values or values yielded as 
outputs of previous units. The sequence of unit calcula- 
tions is iterated until convergence is achieved. 

CONVERGENCE BEHAVIOR OF DIRECT 
SUBSTITUTION SIMULATIONS 

The method of direct substitution (DS) is the simplest, 
and therefore most commonly used, method for iterative 
calculation in process simulations. In this approach the set 
of values obtained for the torn variables as unit outputs 
during an iteration is used as the set of estimates for the 
torn variables for the next iteration. This procedure is re- 
peated until changes in torn variables are satisfactorily 
small. 

TABLE 1. CYCLE/STREAM MATFUX FOR PROCESS OF FIGURE 1 

Stream number 
Cycle 1 2 3  4 5 6 

1 1 1 
2 1 1 1 
3 1 1 1 1 

No. of variables 3 2 2  4 2 3 

In concise form, this DS procedure can be written 

cp(xCr)) (1) X(r+l )  = 

where x(') and ~ ( ~ + l )  are the values of the vector of tom 
variables at the end of iteration r and iteration T + 1, re- 
spectively, and cp is a vector operator whose nature is de- 
termined by the process units, process arrangement, and 
the decomposition chosen. If x represents the true value 
of the torn variables, and the error vector at the end of 
iteration T is defined as 

(2) x(r) - 

then for DS in the vicinity of the solution, 

where J is the Jacobian matrix defined by 
(3) 

(4)  

For the simulation to converge J must be a convergent 
matrix; this implies that the spectral radius of J must be 
less than unity. The spectral radius can also provide a mea- 
sure of the rate of convergence: the smaller the spectral 
radius, the greater the rate of convergence. 

Q is not an explicit function. Therefore, J must be de- 
termined indirectly from the unit sensitivities of the proc- 
ess units. If y and z are the vectors of input and output 
variables of a process unit, the relationship between y and 
z can be expressed as 

Then the unit sensitivity matrix F for this unit is defined as 
z = A(y) ( 5 )  

evaluated at an estimate of the true value of y in the 
process. 

For a process where the torn variables do not interact, 
the off-diagonal elements of J are zero. It then follows from 
Equation (3) that 

( 7 )  
where J j j  is the diagonal term in J for the variable xj. If 
one considers only the magnitude of q, repeated applica- 
tions of Equation (7) yield 

and 

Therefore, the graph of In ~ j ( ~ )  against r in this case would 
be a straight line. The slope of this line would be a mea- 
sure of the rate of convergence of the variable xj  in the 
particular decomposition. If the off-diagonal terms of J are 

6 j ( r )  = ( J j j ) r  cj(0) (8) 

(9) In q c r )  = r In J j j  + In ~ j ( 0 )  
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not zero but small compared to the diagonal terms, such a 
graph would still be reasonably linear. When interactions 
are more significant, Equation (9) is a less satisfactory ap- 
proximation and the graph of In c j c T )  vs. r may deviate 
considerably from linearity. In case of severe interactions, 
the contribution of q( l )  to q(++l)  may not dominate, and 
the plot ceases to be useful except for process systems 
whose units have linear or nearly linear behavior. 

CLASSIFICATION OF DECOMPOSITIONS ACCORDING TO 
CONVERGENCE BEHAVIOR 

In general, different decompositions converge differently 
under direct substitution. Some lead to calculations that ap- 
proach the final value uniformly while others oscillate. 
Some decom ositions lead to faster convergence than 

convergence. 
Unit Orderings 

Frequently in specification of a decomposition for direct 
substitution only unit orderings are considered. Once a 
process computation is started, the particular unit ordering 
(or one of its cyclic permutations) repeats itself during 
successive iterations. There is, thus, no difference, as far as 
convergence of the process computations is concerned, be- 
tween the cyclic permutations of any unit ordering. This 
behavior pattern can be illustrated by a simple example. 
For the rocess shown in Figure 1, the convergence of 

compared in Tables 2a, b, and c, respectively, by repre- 
sentation of successive symbolic values for stream variables 
(one per stream). All of these decompositions are started 
with arbitrary initial values. The units here are expressed 
as algebraic transformation operators; no assumptions about 
linearity are made. Note that the + signs in the arguments 
of the unit operators are not arithmetic addition signs; they 
only serve to separate the different inputs to a particular 
unit. Also the subscripts on unit operators serve to distin- 
guish different unit outputs. 

I t  is seen from Tables 2a, b, and c that given suitable 
starting values, the decompositions { 1, 6) and (3, 5 }  yield 
identical values in subsequent iterations and must therefore 
converge identically. On the other hand, it is seen that 
(2, 3) does not exhibit this property even though corre- 
sponding initial values are used. In fact, no possible choice 
for the initial values of streams 2 and 3 will change this 
behavior; whatever values one starts with, at some stage 
(and thereafter )the decomposition (2, 3) will differ from 
the other two decompositions. Similar examination of 
(2,S) and (4,5,6} shows that they exhibit the same be- 
havior as shown by (1, S}, and thus have the same con- 
vergence properties. Examination of (1 ,3}  and (2,4,  S} 

others, and t K ere may be decompositions that preclude 

three di 2 erent decompositions, (1, S}, (2,3} and (2,5} is 

A 

I 

Stream number , 
(number of variables)' 

(3) 

Fig. 1. Flow diagram for simple process. 
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TABLE 2. BEHAVIOR OF DECOMPOSITIONS FOR PROCESS 
OF FIGURE 1 

(a) Decomposition {1,6} 

'6 = Y } initid values s, = x  

(b) Decomposition {2,3} 

(c)  Decomposition (3, 5 )  

shows that they are similar to (2, 3). The reasons for this 
behavior superficially can be attributed to the unit order- 
ings corresponding to these decompositions. The decom- 
positions (1, S}, (2, S}, (3, 5}, and (4, 5, S} all have the 
unit orderings that are cyclic permutations of ABCD. On 
the other hand, the decompositions (2, 3}, (1, 3}, and 
{2,4, 6) have unit orderings which derive from ABDC or 
AEBC and thus have different convergence properties from 
those of (1, 6) and its related decompositions. Any unit 
ordering (or associated group of orderings) has both a 
characteristic convergence behavior and many correspond- 
ing decompositions. We may look upon these unit order- 
ings as families of decompositions having the same con- 
vergence behavior. Such an attribute for a unit ordering is 
to be expected, and such orderings are thus often con- 
sidered instead of decompositions. 

However, there exist decompositions that cannot be rep- 
resented by a unit ordering. For the process of Figure 1, 
(3, 5, S} is such a decomposition. The only unit that can 
be calculated initially is D; but that creates a new value 
for stream 6 before its existing value is used in the calcula- 
tion of unit C. Similar situations arise for many other re- 
dundant decompositions. Only nonredundant decomposi- 
tions are necessarily characterized by unit orderings al- 
though the orderings usually give rise to many more re- 
dundant than nonredundant decompositions. 
Decomposition Families 

It is, therefore, desirable to replace the severely limited 
concept of families of decompositions characterized by 
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unit orderings with a concept that is unambiguous and in- 
cludes all possible valid decompositions. Such a formula- 
tion has been found possible; it is based on the following 
theorem. 

Theorem 1 :  (Replacement Rule): Let {Dl} be a valid 
decomposition. Let Ai be a unit such that all its inputs are 
included in the set (01). (At least one such unit must exist, 
otherwise { Dl} cannot be valid.) Replace all the inputs of 
Ai in {Dl} by all the outputs of Ai. Let the new decom- 
position be {Dz}. Then: 

(a)  { Dz} is also a valid decomposition, and 
(b)  {Dz} and {Dl} have the same convergence proper- 

ties as far as calculations by direct substitutions are 
concerned. 

A proof of Theorem 1 is given in Appendix A. 
For the process shown in Figure 1, {2,6} and {3,5} 

have the same convergence properties, according to 
Theorem 1, because the inputs of unit C (streams 2 and 
6) are replaced by the outputs of the same unit (streams 3 
and 5 ) .  Similarly, { 1, S} and {4,5, S} have the same con- 
vergence behavior. In this way a family of decompositions 
can be defined as a set of decompositions linked by this 
Replacement Rule. Thus the decompositions { 1, S}, (2, S}, 
13, 5}, and (4, 5, S} constitute one family, whereas (1, 3}, 
{2, 3}, (2, 4, 5 }  and (3, 4, 5} constitute another family. 

I t  is possible to identify the decomposition families by 
the decompositions they contain. This, however, becomes 
cumbersome for large processes. One would also like to 
avoid the need for tracing from one decomposition to 
another by repeated applications of the Replacement Rule 
to establish whether the two given decompositions fall 
within the same family. For these reasons, it is convenient 
to establish an identification parameter for a family based 
on the cycle/stream matrix of the process. If {Dl} and {Dz} 
are two decompositions in a family, and if the cycle i is 
opened p times in D1, then 0 2  also opens this cycle p 
times. Thus if the cycle vector for a decomposition is de- 
fined as the vector (dimension a, where a is the number of 
cycles) whose ith element is equal to the number of times 
cycle i has been opened by the decomposition, this cycle 
vector can serve to identify the decomposition family. For 
example, in the process of Figure 1 and for the decom- 
position (1, S}, stream 1 opens cycles 2 and 3, and stream 
6 opens cycle 1. The cycle vector for {1,6} is thus given 

= (1, 1, l)T, and this will also correspond to 
other decompositions in the family with (1, S}. Similarly, 
the cycle vector for {2,3} and other decompositions of the 
same family is given by (1, 1 ,2)  ’. 

A more formal definition of the cycle vector is possible. 
Let be a vector, here called the decomposition vector 
for the decomposition {D}, the ith element of which is 
equal to the number of times stream i is tom in the d e  
composition { D}. Let L be the cycle/stream matrix for the 
process. Then the cycle vector for the decomposition {D} 
is defined as 

by c(1,6) 

(10) {D) 
c = L w  
{Dl 

Not only do all decompositions in a family have the same 
cycle vector, but it also appears (based on extensive exam- 
ination of cases) that the vector uniquely corresponds to 
a single family. 

There are several interesting implications of the exist- 
ence of decomposition families. First, as far as the rate of 
convergence of direct substitution is concerned, the num- 
ber of torn streams or variables is not important. Secondly, 
some redundant decompositions converge identically as cer- 
tain nori’redundant decompositions. For example, { 2,3} 
and {2,4,  S} are in the same family, even though they 

are nonredundant and redundant decompositions, respec- 
tively. In fact, decomposition families can be grouped into 
three classes. A nonredundant family is one containing no 
redundant decomposition. A mixed family contains both 
redundant and nonredundant decompositions. A redundant 
family contains only redundant decompositions. For any 
process there must be at least one nonredundant family of 
decompositions (see Appendix B, Theorems 2 and 3) .  

Having defined decomposition families, we can consider 
the consequences of this grouping for the problem of selec- 
tion of best decompositions. Since decompositions can be 
grouped into families, each having its own convergence 
behavior, it is only necessary to select among families 
rather than among decompositions. This reduces the di- 
mensions of the problem of selection of decompositions by 
at least a factor of the number of units ( u )  in the process 
(see Appendix B, Theorem 4) .  The choice between re- 
dundant, nonredundant, and mixed families can then be 
considered. Regardless of this choice, the grouping of de- 
compositions solely by unit orderings is not adequate. If 
redundant decompositions are desirable, unit orderings 
omit most of these. If only nonredundant decompositions 
are desirable, the unit orderings do not distinguish those 
in nonredundant families from those in mixed families 
(which have convergence equivalent to some redundant 
decompositions) . Furthermore, the convergence behavior 
of several unit orderings may be identical (they correspond 
to members of the same family). The concept of decom- 
position families developed here, on the other hand, pro- 
vides a general and valuable framework for the selection 
of decompositions for use in direct substitution. 

In this regard, straightforward application of the Re- 
placement Rule leads to further interesting and useful 
results. If one generates all the decompositions in a mixed 
or redundant family, some of them will be found to contain 
one or more streams multiple times. For example, for the 
process shown in Figure 1, the family corresponding to the 
decomposition (1, 3) will consist of (1, 3}, (2, 3}, (2, 4, S } ,  
{3, 4, 5}, and (4, 4, 5, S}. The last decomposition contains 
stream 4 twice and is here called a double-tear decomposi- 
tion. It is a special case of a redundant decomposition. 
Note that (4, 4,5, S} is different from {4,5, S} and that 
they have different convergence characteristics (belong to 
different decomposition families). Double-tear decomposi- 
tions are quite legitimate and can be implemented strictly 
in accordance with the rules of direct substitution although 
they are frequently excluded from consideration. Table 3a 
shows the implementation of (4, 4, 5, S} and confirms that 
it does indeed behave identically with (2, 4, S} (shown in 
Table 3b), and hence with {2,3}, which is a nonredun- 
dant decomposition. A double-tear may be regarded as a 
one iteration lag in the connection for the variables for the 

r------ 1 
4” I Identity I 4 

I-’- unit  y ’ p 1  

+- 
Torn s t ream 

Fig. 2. Interpretation of double-tear decomposition {4,4*,5,6}. 
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TABLE 3. BEHAVIOR OF DOUBLE-TEAR DECOMPOSITION FOR 
PROCESS OF FIGURE 1 

( a )  Decomposition {4,4, 5 , 6 }  

doubly-tom stream." In general, multiple-tears (that is, 
triple-tear, quadruple-tear etc.) can be regarded in a simi- 
lar manner. 

Any family that contains a redundant decomposition 
must also contain at least one double-tear decomposition 
(see Appendix B, Theorem 2) .  Thus any redundant de- 
composition must have the same convergence behavior as 
some double-tear decomposition. Therefore, decomposition 
families can be viewed as falling into two major classes: 
those containing no double-tear decomposition and those 
containing at least one double-tear decomposition. 

SELECTION OF EFFICIENT DECOMPOSITIONS 
FOR DS SIMULATION 

Since the presence or absence of double-tears is one 
major factor distinguishing between decomposition fam- 
ilies, it is appropriate to investigate the convergence prop- 
erties of decompositions with double-tears in comparison 
with corresponding decompositions with a single-tear in 
place of the double-tear. If double-tearing a stream could 

0 Another interpretation of a double-tear, which introduces an 
identity unit in the doubly-torn stream, is shown in Figure 2. 

be shown, in general, to be undesirable, it would follow 
that all families containing decompositions with double- 
tears would also be undesirable. This is indeed the case, 
at least as far as chemical processes are concerned. 

It was mentioned earlier that the spectral radius of the 
Jacobian of a decomposition is a measure of the rate of 
convergence of that decomposition. For an given Jacobian, 
if the derived Jacobian resulting from Luble-tearing an 
already tom stream had a larger spectral radius, it would 
follow that the decomposition with the double-tear was less 
rapidly convergent. Unfortunately, such an effect of dou- 
ble-tearing does not hold for a general Jacobian matrix. 
Parlett (1973) has shown that this behavior is necessary 
only for nonnegative Jacobians. Since Jacobians corre- 
sponding to real processes are not necessarily nonnegative, 
a strong mathematical argument for the undesirability of 
double-tearing streams cannot be established on this basis. 

However, weaker arguments that indicate the undesir- 
ability of double-tears can still be made. It has been ob- 
served that the number of negative entries in most Jam- 
bians derived from chemical processes is quite small b e  
cause of the necessarily positive sensitivities arising in ma- 
terial and energy conservation requirements. Since the 
spectral radii of matrices are continuous functions of 
matrix elements, an increase in the radii with double- 
tearing might be expected for matrices with few negative 
elements. 

I t  can also be shown (Upadhye, 1974) that for a process 
with essentially no interactions between torn variables, 
double-tearing a stream must degrade the convergence 
rate. Interactions among tom variables, however, do exist 
and may be important. As mentioned earlier the graph of 
the logarithm of error against iteration number is a straight 
line for a process where the tom variables do not interact, 
and as the interactions increase such a graph for a nonlinear 
process deviates more and more from linearity. The form 
of such a graph, therefore, may be an indication of the 
severity of interactions between the torn variables. For 
most simulations of real chemical processes, these graphs 
are, at least after the initial iterations, very nearly linear, 
indicating, in the presence of highly nonlinear units, some 
form of diagonal dominance. This observation has a ra- 
tional explanation. Most chemical units are conservative. 
For such units, a tendency to diagonal dominance is a 
natural consequence of the laws of conservation of mass 
and energy. The general approach of the Jacobians of 
real chemical processes to diagonal or nearly diagonal 
matrices is therefore another basis for the expectation that 
double-tearing of streams should degrade the convergence 
rate of process simulations. 

Finally, for all of the simulations based on chemical 
processes that have been examined in this work, double- 
tearing of one or more streams has led to degraded con- 
vergence behavior. These processes range from very simple 
to moderately complex and involve most types of interac- 
tions among variables and interconnections among units 
that are encountered in chemical process plants. 

From these arguments and observations we have con- 
cluded that decompositions with double-tears are computa- 
tionally inefficient and should be avoided. Acceptance of 
this criterion also leads us to reject all decompositions in 
families which contain one or more double-tears or multi- 
ple-tears. Thus only nonredundant families are candidates 
for selection. 

The number of nonredundant families is, generally, small 
for connected graphs with the extent of looping found in 
chemical processes. For example, out of some 300 chemical 
processes represented by flow diagrams published in the 
recent Hydrocarbon Processing Petrochemical Handbook 
issues (1971, 1973), only one process, containing a trivial 
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unit (heater for circulating Dowtherm) and related insig- 
nificant streams, was found to have more than one non- 
redundant decomposition family. Although these flow 
sheets are considerably simplified, the same observation ap- 
plies for a number of detailed process flow sheets that were 
examined. Even if all significant streams are considered, 
only those processes whose configurations are very complex 
and where nearly all possible connections between units are 
present can be expected to have two or more nonredundant 
families. Thus, in a vast majority of cases, to choose the 
best decomposition for DS simulation it is only necessary 
to find the single nonredundant decomposition family and 
to select any convenient decomposition in that family. 

Based on this criterion a procedure for selection of com- 
putationally efficient decompositions has been developed. 
Starting with the cycle/stream matrix for the process in 
question, consider any stream j .  Define a weighting factor 
bj for stream i as 

a 

bj = 2 Lij (11) 
f = 1  

where a is the number of cycles in the process and Lij is 
the entry for the jth stream and the ith cycle in the cycle/ 
stream matrix. Then find a decomposition with minimum 
weighted sum of streams, the weights being the bj's so 
defined. Many methods to accomplish this minimization 
are available (such as those by Lee and Rudd, 1966; 
Upadhye and Grens, 1972), and any convenient method 
may be used. The decomposition found in this way can 
never belong to a mixed or redundant family (Upadhye, 
1974). Also, the decomposition thus found is not unique; 
other members of the corresponding family can be found 
(if one wishes to see if they might be more convenient in 
application) by repeated applications of the Replacement 
Rule to this decomposition. 

In almost every case, the decomposition family corre- 
sponding to this decomposition will be the only nonredun- 
dant family for the process; if the cycle vector correspond- 
ing to this family consists of all unity entries, this family 
must be the only nonredundant one. If the process should 
have more than one nonredundant family, this method will 
yield the family with the smallest sum of elements of the 
cycle vector. There is no simple way of determining 
whether there exist other nonredundant decomposition 

I 1 

3 5 I , ,  

Flash Flash 
c 2 4 

Mix 

1 L 

0 

I f  

0 
Feed 

Mix . : Flash 
3 

Fig. 3. Cavett's process (1963). 

families. One either must assume that there is only one 
nonredundant family, an assumption that is very good as 
shown earlier, or must resort to much more time-consuming 
procedures. 

APPLICATION TO EXAMPLE PROCESSES 

The characteristics of convergence behavior described 
here, and the validity of the decomposition selection pro- 
cedure based thereon, have been confirmed for direct sub- 
stitution simulations of several processes of varying degrees 
of complexity. Three of these, derived from cases previ- 
ously reported, are briefly discussed here. 

1. Cavett's process (Cavett, 1963) : This process consists 
of four flash drums connected as shown in Figure 3. Mixing 
units are here shown in place of simple junctions, where 
two or more streams are mixed. The design details of the 
units and feed composition are given by Cavett. 

2. Rosen's process (Rosen, 1962) : This process consists 
of two stirred-tank reactors, one flash drum, three separa- 
tors and two junctions (here shown as mixing units), con- 
nected as shown in Figure 4. The output of the second 
reactor is flashed, the liquid going through the separation 
system, and part of the vapor is recycled. The design de- 
tails of the units and the compositions of the feed and 
make up are given by Rosen. 

3. Ramji's dimerization process (Ramji, 1987): This is 
the simplest of all the processes considered here. It con- 
sists of one reactor, one junction, one stream splitter and 
one separator, connected as shown in Figure 5. The design 
details of the units and the composition of the feed are 
given by Ramji. 

Computer implemented simulations of these processes 
were conducted using decompositions from the single non- 
redundant family in each case, as well as from mixed and 
redundant families, The number of iterations required 
for convergence of these simulations using direct substitu- 
tion (to a fixed tolerance limit of 0.1% relative change in 
torn variables) are given in Table 4. In all cases, starting 
from common initial estimates for torn variables, the d e  
compositions in each family converged in the same number 
of iterations and decompositions from the nonredundant 
family converged more rapidly than those from mixed or 

9 
I I 1 +? parat- 

1 
I 

' , _ 2  React 2, Mix Mix 7, React 

A A 

t 
6 Feed 

Fig. 4. Rosen's process (1962). 
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Fig. 5. Ramji's dimerization process (1967). 
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TABLE 4. CONVERGENCE OF SIMULATIONS FOR 
PROCESS EXAMPLES 

Decomposition Iter- 
Process Decomposition family type ations’ 

Nonredundan t 
Redundant 
Mixed 

Nonredundant 
Redundant 
Redundant 

Nonredundant 
Redundant 
Redundant 

63 
71 
90 

12 
19 
19 

29 
41 

>50°’ 

O Number of iterations, from common starting estimates for tom vari- 
ables, to achieve 0.1% maximum relative change in tom variables. 

O 0  No convergence in 50 iterations-computations terminated. 

redundant families. In some cases the advantage of a de- 
composition selected by criteria developed here is modest 
(12 to 60%) ; in  other cases the advantage may be on the 
order of a factor of two or more. 
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NOTATION 

a = number of cycles in  a process 
A = unit transformation operator 
bj = weighting parameter for stream j as defined in 

c, c ID)  = cycle vector (a vector parameter defined in 

{ D }  = general representation of a decomposition 
F = unit sensitivity matrix 
J = Jacobian matrix for a process simulation 
L = cycle/stream matrix 
z = iteration number 
u = number of units in a process 
w = decomposition vector for the decomposition {D} P )  
x(r) = vector of torn variables a t  iteration T 

y, z = vectors of process input and output variables, re- 

Greek Letters 

q 
ep 

Equation (11) 

Equation (10) ) 

spec tively 

= error in  variable xj 
= vector transformation operator representing one 

iteration of a process simulation 
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APPENDIX A: PROOF FOR REPLACEMENT RULE 

The Replacement Rule (Theorem 1) links members of a 
decomposition family by replacement in a decomposition of in- 
put streams to a unit by the output streams of the same unit. 
Its validity can be established as follows: 

Denote the set of streams into unit A by {A’} and the set of 
streams out of unit A by {A”}. 

Let one iteration be completed using the torn values in {Dl}, 
with unit A being computed first. This is quite general, since A 
can be defined as the unit that is calculated first. This gives the 
values of the streams in the set {A”}. Assume values for the 
streams in {Dz} such that 

1. all the streams common to {Dl} and ( 0 2 )  have the same 
initial values in {Dz} and {Dl} 

2. all the values for {A”} are assumed as returned by the 
one iteration performed for the decomposition {Dl}. 

If one now performs one iteration for {Dz}, the results, (that 
is, the values of the variables in the process streams) would 
be the same in both cases. This is so because the state of the 
system after the computation of unit A in scheme {Dl} is 
identical to the state of the system at the beginning of com- 
putations in scheme ( 0 2 ) .  For the computation of any subse- 
quent units, their input values are identical in both cases. This 
will be repeated iteration after iteration, and thus the values 
of process streams will be identical for both the decompositions. 
Therefore, (01) and {Dz} must converge identically. 

APPENDIX B: PROOFS FOR THEOREMS 2-4 

Important properties of decomposition families are embodied 
in the three basic theorems that are presented here, 

Theorem 2:  If a decomposition family contains a t  least one 
redundant decomposition, it also contains at least one double- 
tear decomposition. 

Proof: Let {{Di}, sk} be a valid decomposition. Let {Di} also 
be a valid decomposition. Also, let Sk $ {Di}. Thus, {{Di}, Sk} 
is a general redundant decomposition. Further, let s k  be an 
output of unit A. 

Using the arguments presented in the proof of Theorem 1, 
one can show that by repeated applications of the Replace- 
ment Rule to the decomposition {&} one must eventually reach 
a decomposition where all the inputs of unit A are torn. One 
more application of the Replacement Rule would then yield 
a decomposition where S k  is doubly torn. 

Theorem 3:  For any process flow diagram, there exists a t  least 
one nonredundant decomposition family. 

Proof: Consider any valid decomposition {Sl, S2, . . ., S,} = 
{D}. Generate all the members of the family to which this 
decomposition belongs. Then either 

1. no member of the family is a double-tear decomposition or 
2.  at least one member of the family is a double-tear decom- 

In case ( l ) ,  the theorem is proved, as Theorem 2 establishes 
that all mixed and redundant families contain double-tear de- 
compositions. 

In case (2 ) ,  denote the decomposition with a doubly-torn 
stream by {, . . . ., Si, Si, . . .}. Then the second Si can be re- 
moved from this decomposition to get another valid decomposi- 
tion, which will be in some other family. 

Then the same argument can be repeated for the new family, 
and any double-tear decompositions can be similarly dealt with. 

position. 
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Since dl the cycles in the process must be opened, and since 
the number of streams in a decomposition is finite, such a pro- 
cedure must terminate and lead to a nonredundant family. 

Theorem 4:  A family of decompositions contains at least u 
decompositions, where u is the number of units in the looped 
process system. 

Proof: A rocess flow graph for a recycle system is a con- 
nected grapi, that is, there exists a directed path from any 
vertex to any other vertex. Consider a decomposition {Dl} 

where unit 1 has all its inputs tom. One application of the Re- 
placement Rule would replace these inputs by the outputs of 
unit 1. Call t h i s  decomposition {Dz). Once again, there exists 
a unit with all inputs torn. Call it unit 2. This process of re- 
placement and ranumbering of can be continued for at 
least u units. Therefore, there must be at least u decompositions 
in any decomposition family. 
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Some Fundamental Aspects of Spray Drying 
Equations are proposed to predict the three-dimensional motion of 

droplets in a spray dryer, based on a knowledge of the characteristics of the 
atomizing device and of the gas flow patterns in the drying chamber. If the 
droplet size distribution produced by the atomizing device is known or can 
be assumed, the trajectories of the droplets can be calculated throughout 
the drying process and hence the evaporative capacity and thermal efficiency 
of the spray dryer can be predicted. 

Experimental verification of this theoretical approach was obtained 
from a study of the drying of calcium lignosulfonate solutions of various 
concentrations in a 122-cm diam. )( 183-cm high laboratory circular con- 
current chamber with a conical bottom where the drying air was introduced 
tangentially near the top  

An experimental study of the effects of a number of operating variables 
on the capacity and the efficiency of the spray dryer was also carried out. 
These effects were interpreted in terms of the droplet trajectories obtained 
in each case. 

S. KATTA and W. H. GAUVIN 
Department of Chemical Engineering 

McGill University 
Montreal, Quebec, Canada 

SCOPE 
Among the many drying methods available, spray dry- 

ing has gained a unique and important position in indus- 
trial applications where low particle temperatures and 
short residence times are specially advantageous, such as 
in the drying of foods, drugs, and temperature-sensitive 
materials in general. Prediction of droplet trajectories 
and residence times is essential for the sound design and 
efficient operation of spray dryers. Such knowledge can 
also be applied in the design of a number of other equip- 
ment involving the contacting of a dispersed phase of 
droplets or particles with a conveying gas, such as spray 
coolers, gas scrubbers and absorbers, cyclone evaporators, 
pneumatic transport reactors, and combustion devices 
involving fuel sprays. Many attempts were made in the 
past to predict droplet trajectories in spray dryers, but 
these were based on unrealistic or oversimplified models, 
which failed to take into account the many complex inter- 
dependencies between the transport phenomena occumng 
during the drying process and thus generally resulted in 
poor agreement between theoretical predictions and the 
actual performance of the system. 

The objective of the present study was to predict the 
trajectories of droplets both in the nozzle zone (the region 
traversed by the rapidly-decelerating droplets between 
the exit of the atomizing device and the point at which 
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they begin to be freely entrained by the drying gas) and 
in the free-entrainment zone (where the droplets are 
freely conveyed by the drying gas) of an experimental 
spray dryer, using solutions of calcium lignosulfonate 
(trade-mark LIGNOSOL) as the model material. Predic- 
tions of drop size distribution (DSD) and of the size of 
the largest droplet generated by the nozzle were also 
developed, as this knowledge is vital for the calculation 
of the trajectories. The three-dimensional equations of 
motion of the droplets, along with the equations for 
particulate heat transfer, for the mass transfer of water 
vapor and for the changes in the properties of the drying 
gas were solved numerically and simultaneously on a 
computer. 

To test these theoretical predictions, the effect of a 
number of operating variables such as the temperature 
and flow rate of the drying gas, the position of the atom- 
izing nozzle in the chamber, and the concentration of 
the feed on the evaporative capacity and the thermal 
efficiency of the spray-drying chamber have been studied 
experimentally. These experimental results were inter- 
preted in terms of the dronlet trajectories obtained under 
the various operating condihons used. 

In an earlier paper, Gauvin et al. (1974) predicted 
droplet trajectories for the evaporation of water sprays 
in the same equipment as was used in the present study. 
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